



Corrections to the solenoid field measurements
J.C.Hart
Abstract
After an initial discussion of the parameterization of the ATLAS solenoid field in terms
of a Fourier-Bessel expansion, this note explains how the constraints from Maxwell’s equa-
tions were used to determine the Hall probe normalizations and alignments for the ATLAS



























This note gives technical details relating to the analysis of the ATLAS solenoid field measurements. It
should be read in conjunction with the ATLAS Note on the measurement of the solenoid field [1] which
describes the field mapping machine, the measurement procedure and the fit to the field.
Section 2 describes the Fourier-Bessel parameterization of the field that was used in the calculation
of the probe normalization and as part of the final fitting procedure. Section 3 then explains how the
Hall probe normalization and aligment were calculated from field measurements by using the constraints
imposed by Maxwell’s equations. Section 4 describes the procedure used to correct for slight tilting of
the mapping machine as it moved along the axis of the solenoid.
Finally, Section 5 gives a few concluding comments.
2 Fourier-Bessel fit
In a volume containing no currents or magnetic materials, the magnetic field B satisfies the equation
curlB = 0
and B can be expressed in terms of the magnetic scalar potential Φ,
B =−gradΦ (1)
where Φ satisfies Laplace’s equation
52Φ = 0 (2)
A solution of this may be found by separation of variables in cylindrical polar coordinates:
Φ(r,φ ,z) = R(r)P(φ)Z(z) (3)
The axial and radial factors take three different forms according to the separation constants:
Z(z) = Asin(λ z)+Bcos(λ z)
R(r) = CIn(λ r) (4)
Z(z) = Asinh(λ z)+Bcosh(λ z)
R(r) = CJn(λ r) (5)
Z(z) = Az+B
R(r) = CRn (6)
where Jn(λ r) and In(λ r) are Bessel and modified Bessel functions respectively, λ > 0, n = 0,1,2, ... and
A,B and C are arbitrary constants. The azimuthal factor is always of the form
P(φ) = Asin(nφ)+Bcos(nφ)
The general solution for Φ may be expressed as an infinite sum over these terms.

































































































































































Ennrn−1 cos(nφ + εn) (8)

























































































Ennrn−1 sin(nφ + εn) (9)
where Anl ,Bnl ,Cnm,Dnm and En are arbitrary constants, αnl ,βnl ,γnm,δnm and εn are arbitrary phases and ζnm
are the zeros of the Bessel functions Jn.
Note that since Φ(r,φ ,z) satisfies Laplace’s equation, it is possible to reconstruct the field throughout
the volume of interest from measurements over the surface of the volume. The ATLAS solenoid field
was in fact measured throughout a cylindirical volume on a grid of points in r (at 12 fixed radii), φ
(equally spaced) and z, but only points on the cylindrical surface and the cylinder ends were used for the
Fourier-Bessel fit. In cases where the measured points were not equally spaced in z, interpolation was
used to generate an equally spaced grid. In order to fit the measured field over the grid, the maximum
number of terms in z, r and φ were kept below the size of the grid in the respective direction taking into
account both odd and even terms in z and φ .
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For the purpose of calculating the coefficients from the measurements, the terms in the expansion
were divided into three classes:
Fourier terms corresponding to the first three lines in equations (7-9) with coefficients Anl and Bnl .
These terms provide the dominant contribution in the case of the ATLAS solenoid field and are
determined from the field measurements on the curved surface of the cylinder.
Hyperbolic terms corresponding to the fourth and fifth lines in equations (7-9) with coefficients Cnm
and Dnm. These terms are found from the field measured on the ends of the cylinder.
Multipole terms corresponding to the last line in equations (8) and (9) with coefficients En. Note that
these terms are independent of z and make no contribution to Bz.
2.1 Calculation of Fourier terms
The coefficients of the Fourier terms were found from the measured value of Bz on the curved surface of
the bounding cylinder. With the measurements on a uniform grid of points in r and φ , each coefficient
could be calculated simply in terms of a sum over the measured values of Bz.
The simplest procedure would have been to choose the full period of the Fourier expansion as the
total length of the cylinder over which measurements were made, that is to take zmax = zend where the
measured field is in the interval zend to zend. However, the resulting expansion would describe a periodic
field in z with discontinuities at ±zend giving errors in the description of the field at each end of the
measured volume.
By taking zmax > zend, it was possible to move the discontinuity beyond the region of the measured
field and reduce the errors in the Fourier expansion. The “fictitious” field in the intervals −zmax to −zend
and zend to zmax was found from the prescription
Φ(r,φ ,z) = 2Φ(r,φ ,−zend)−Φ(r,φ ,−2zend− z) z <−zend
Φ(r,φ ,z) = Φ(r,φ ,z) |z| ≤ |zend|
Φ(r,φ ,z) = 2Φ(r,φ ,zend)−Φ(r,φ ,2zend− z) z > zend (10)
for the scalar potential Φ, as used in the ALEPH field model [2]. This ensures that Φ and its derivatives
are continuous at ±zend but the “fictitious” field does not satisfy Maxwell’s equations. Tests showed that
a reasonable optimum was obtained by choosing zmax = 1.2 zend.
The effect of truncating the the Fourier series in z is to generate ripples in the fitted values of Bz
an Br on the outer cylinder, particularly near the ends of the coil. However, the higher order terms
are rapidly damped by the exponential-like behaviour of the modified Bessel functions and the ripples
become insignificant 20cm inside the outer cylinder.
2.2 Calculation of hyperbolic terms
It can be seen from equation 7 that the hyperbolic terms make no contribution to Bz at z = zmax and can
therefore be chosen to fit the measured Bz field at the ends of the cylinder without affecting the Fourier
fit on the cylindrical surface. The procedure adopted was to resolve the measured Bz at the cylinder ends
into angular Fourier components in φ , subtract the contribution due to the previously calculated Fourier
terms in z and then perform a linear least squares fit to the difference. The three outermost layers in r
were excluded from this fit to avoid the effect of the Fourier truncation ripples.
4
2.3 Calculation of multipole terms
The coefficients of the multipole terms were found from the measured value of Br on the cylindrical
surface after subtraction of the contribution to Br from the Fourier and hyperbolic terms. The difference
was then averaged over z and resolved into angular Fourier components.
2.4 Field due to return conductor
The solenoid field has a high degree of azimuthal symmetry and, over most of the volume, requires terms
no higher than cos(2φ +const) for an adequate description. However, the region in the neighbourhood of
the return conductor, which is parallel to the z-axis just outside the windings near the top of the solenoid,
is an exception. In order to obtain a good Fourier-Bessel fit to the field with a minimal number of terms
in φ , a contribution approximating that of the return conductor was first subtracted. Since the Biot-Savart
contribution from a finite length conductor does not satisfy Maxwell’s equations on its own, infinite radial
“current leads” from the ends of the return conductor were included. Note, however, that this subtraction
is unnecessary when applying the Fourier-Bessel fit to the residual field from a geometrical fit to the
measured field since the geometrical fit includes the return conductor field.
3 Probe normalisation and alignment
Each of the 48 Hall probes of the field measuring machine measured all three field components on a
cylindrical grid as the measuring arms were moved to a series of z positions and scanned in φ . The
probes had been calibrated previously but could not be mounted on the arms with an accuracy of better
than a few milliradians. By using the constraints imposed by Maxwell’s equations, it was possible check
the normalisation of the probes and to determine their alignment with improved accuracy.
3.1 Calculation of Bz normalisation
Each probe, apart from the two innermost probes on each arm, was used to calculate independently the
field Bz at the origin (z = r = 0). Where the measured grid points were uniformly spaced in z, this was
done by applying a Fourier-Bessel fit to the field, as described in section 2, and calculating the field at the
origin. Otherwise the measured grid points were first interpolated with a cubic spline to give a uniform
grid in z.
Probes on the same arm at a lower radius were used in the evaluation of the hyperbolic terms, but
their contribution to the calculated central field was small and the effect of any normalisation error was
negligible.
The true value of the central field was taken as the average of the central field calculated from each
of the 40 outermost probes. This was then used to determine a normalisation factor for each probe.
For the eight innermost probes, the Fourier truncation errors had a significant effect on the calculated






where ¯Bz(z,r) signifies an average over φ . This comes from a Taylor expansion of Bz in r and the fact
that Bz satisfies Laplace’s equation. The value of the second derivative term at r = 0 was found from the
Fourier-Bessel fit to the field measured by the outermost probe of the arm.
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3.2 Calculation of φ alignments
The alignment of the Hall probes can be described by the three (small) angles Arφ , Aφz and Azr which are
the off-diagonal elements of a rotation matrix. The first two of these angles were found for each probe
from the relation ∮
B.ds = 0 (11)
where the integral is taken round a circle at constant z, centred on the z-axis, corresponding to the orbit
of the probe as the arm scanned in φ .
The effect of the slight misalignment of the probes is to introduce terms in Bz and Br, proportional to
the alignment angles, into the measured value of Bφ
Bmeasφ = Bφ +AφzBz−ArφBr (12)




Bmeasφ = Aφz ∑
φ
Bmeasz − Arφ ∑
φ
Bmeasr (13)
since Bmeasz ' Bz and Bmeasr ' Br to sufficient accuracy. In order to make Bmeasφ a smooth function of
φ , the field due to the return conductor (see section 2.4) was subtracted from the measured field before
calculating the sums. The sums were evaluated at all measured z positions and the different z-dependence
of Bz and Br made it possible to find the angles Aφz and Arφ by means of least squares fit in z.
3.3 Calculation of rz alignment
The remaining angle Azr and the normalisation factor Nr for each probe were found by applying Gauss’s
theorem to a series of cylinders centred on the z-axis with the same radius as the probe to be calibrated
and thickness equal to the spacing between measurements in z, subject to a minimum spacing of 50 mm.
For each cylinder the surface integral may be split into integrals over the two ends of the cylinder and the









BrdS = 0 (14)









' Br +(1−Nr)Br +AzrBz (16)
to first order in (Nr− 1) and Azr. The effect of the alignment angles Aφz and Arφ may be ignored since
Bφ is small.
By integrating equations (15) and (16) over the cylinder ends and cylindrical surfaces respectively,
and using equation (14), a series of equations is obtained for Azr and Nr that may be solved by a least
squares fit, as in section 3.2. The numerical integrations over r and z may be performed by fitting cubic
splines to the integrands while the trapezium rule is optimal for integration over φ . Since the integrals
over the cylinder ends involves the alignment angles of probes at lower radii, the probes on each arm
were calibrated in order of increasing radius.
It was found in practice that a better fit to the measured field was found by setting Nr = 1 than using
the fitted value of Nr [1]. This was probably because the calibration errors for the Br probes were a
function of field strength and were not well represented by a simple scale factor.
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4 Carriage tilt corrections
In the course of analysing the field measurements it became clear that the field mapping machine was
tilting slightly, just a fraction of a milliradian, as it moved along the rails in z. This resulted in unexpected
structure in the φ -dependence of the measured values of Br and Bφ .
4.1 Evidence for tilting
In order to investigate the tilting, the transverse components of the measured field on the z-axis, Bmeasx (z)
and Bmeasy (z) , were calculated for each probe from the cos(φ) and sin(φ) terms in the Fourier expansion
of Br and/or Bφ as a function of φ . The values of the transverse field found for all but the few outermost
probes on any one arm agreed to within 0.1 mT, giving some confidence in the measurements. At the
ends of the coil, the outermost probes gave slightly different values as expected from the higher Anl and
Bnl terms with n = 1 in equations (8) and (9).
However, the values of Bmeasx and Bmeasy from each of the four arms were inconsistent, and appeared
out of phase, when plotted against the z-coordinate of the probe, zprobe, but were far more consistent as a
function of the carriage position, zcarriage . This was taken as evidence that the carriage tilted slightly as it
moved along the rails in z so that the Br and Bφ probes also measured a small component of Bz.
4.2 Calculation of tilt angles
The carriage tilt angles, θx and θy, may be found from the difference between the true values of Bx and By
and the measured values Bmeasx and Bmeasy , but further information is needed to determine the true values.
This was obtained by measuring the field gradients ∂Bz∂x and
∂Bz












The Bz gradients were measured for each probe at each z position from the cos(φ) and sin(φ) terms
in the Fourier expansion of Bz as a function of φ . Since the Bz readings were from a single φ scan,
there was negligible drift in the Hall probes and the measurement was surprisingly accurate. This was
demonstrated by the good agreement between the Bz gradients obtained from all except the outermost
probes on each arm once the correction for the mapping machine magnetisation had been applied [1].
Since the measured field gradients, gmeasx and gmeasy , are themselves subject to corrections for the
carriage tilt, it is not possible to integrate them directly to calculate the true fields Bx and By. Instead, it
is necessary to solve the differential equations














for Bx and θx and similarly for By and θy. Here η = 0 if Bx is found from Bφ , η = 1 it is found from Br
and η = 0.5 if both measurements are used. The Br
r
term comes from the effect of the tilt on the gradient
meaurement and the gradient terms arise because, in the presence of tilting, the probes sampled different
regions of the field as the measuring arms rotated.
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Equations (19) and (20) were solved numerically by starting from a point in z where Bx and By were
assumed to be known or estimated from the model field. They were integrated one step at a time between





and similarly fo By. The values of Brr and of the field gradients were obtained from the model field.
This procedure gave separate sets of tilts, θx and θy, for each probe. The tilt angles found from all
probes on the same arm, apart from the outermost probes in the fringe field region, agreed to within less
than 0.05 mrad. There were small offsets between the tilts measured by the different arms that probably
came from errors in the survey values for the alignment of the mapping machine axes. In addition, the
z-dependence of the calculated tilts varied slightly with the starting values assumed for the true fields Bx
and By and the requirement of consistency between the arms constrained the starting values to within 0.5
mT. The optimal values were also consistent with the predictions of the geometrical fit [1].
5 Summary and conclusion
The Fourier-Bessel fit to the solenoid field described in section 2 provides a model-independent de-
scription of the field consistent with Maxwell’s equations. This was used in the analysis of the ATLAS
solenoid field measurements to find the normalisation of the Bz Hall probes and to apply a final correction
to the fitted field, taking into account minor irregularities in the field that could not be described by the
geometrical model.
The constraints on the measured field imposed by Maxwell’s equations were used, as planned in
advance, to determine the alignment angles of the mapping machine Hall probes to within 0.2 mrad. This
improved the alignment accuracy from the probe calibration procedure alone by an order of magnitude.
Use of Maxwell’s equations also made it possible to correct the field measurements for the unantici-
pated tilting of the mapping machine as it moved along its rails.
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